Mode I steady crack growth was analyzed to determine the toughening due to domain switching in ferroelectric ceramics. A multi-axial, electromechanically coupled, incremental constitutive theory is applied to model the material behavior of the ferroelectric ceramic. The constitutive law is then implemented within the finite element method to study steady crack growth. The effects of mechanical and electrical poling on the fracture toughness are investigated. Results for the predicted fracture toughness, remanent strain distributions, and domain switching zone shapes and sizes are presented. Finally, the model predictions are discussed in comparison discrete switching models and to experimental observations.
Ferroelectric ceramics have large electromechanical coupling effects and hence are widely used in smart structure applications. Since these devices often operate under strong mechanical and electrical loading conditions, the brittle ferroelectric material can be susceptible to fracture. Therefore, an understanding of ferroelectric fracture is a key issue for the efficient and reliable design of these devices. There have been numerous experimental investigations on the fracture toughness of ferroelectric ceramics, [1] [2] [3] [4] [5] [6] [7] [8] and it is commonly accepted that domain switching leads to increased toughening and Rcurve behavior in these materials. It is also well known that both electric field and mechanical stress drive the domain switching process, and hence fracture in ferroelectrics is inherently a coupled electromechanical process. This paper presents a collection of simulation results on the toughening behavior of ferroelectrics undergoing steady crack growth. The unifying feature of these results is the phenomenological constitutive law that is used to represent the electromechanical material response. This constitutive model is incorporated within a steady-state finite element method to determine the domain switch toughening for unpoled, mechanically poled, and electrically poled materials.
II. PHENOMENOLOGICAL CONSTITUTIVE MODEL
The goal of any phenomenological constitutive theory is to provide a relatively simple framework within which the laws of thermodynamics are satisfied and a wide range of material behaviors can be represented. A summary of the recent developments on microelectromechanical and phenomenological constitutive modeling of ferroelectrics can be found in review articles by Kamlah 9 and Landis. 10 The phenomenological constitutive model presented below is based on the work of Landis and co-workers, [11] [12] [13] and additional details of the model can be found in those references. This constitutive model has been verified against experimental observations and micro-electromechanical self-consistent simulations based on the model of Huber et al. 14 For simplicity, it will be assumed that linear elastic compliances at constant electric field and dielectric permittivity at constant stress are isotropic and not affected by changes in the remanent state of the material. Furthermore, all strain and electric displacement components are referenced from a thermally depolarized state. Under such assumptions, the constitutive relationships are expressed as
where The purpose of the nonlinear constitutive law is to provide the evolution of the stress, electric field, remanent strain, and remanent polarization histories given the total strain and electric displacement histories. It is assumed that domain switching occurs when a specific switching condition is met. This switching criterion can be used to define a surface in stress and electric field space and will be referred to as the switching surface. The specific form of the switching surface implemented here is that proposed in 11, 13 
where
and B ij is the back stress tensor, E B i is the back electric field, 0 is the initial switching strength of the material in uniaxial tension or compression, E 0 is the coercive field, and ␤ is a positive scalar parameter. The postulate of maximum dissipation is satisfied if the switching surface is convex and the increments of remanent strain and polarization are normal to the surface. The switching surface defined in Eq. (5) is convex if ␤ < 3. Normality requires the remanent increments to be given as
where is the switching multiplier. To determine the back stress and back electric field, it is assumed that the remanent strain and remanent polarization can be used as internal variables that fully characterize the thermodynamic state of the material. This assumption leads to the identification of a remanent potential, ⌿ r (⑀ 
Finally, the form of ⌿ r must be specified to complete the constitutive theory. For the results to be presented, ⌿ r is split into a mechanical part ⌿ that enforces the strain saturation conditions, and an electrical part ⌿ E that enforces the polarization saturation conditions, i.e.,
where H 0 is a characteristic level of back stress that primarily affects the initial slope of uniaxial stress versus remanent strain curve, and m is another hardening parameter that controls how abruptly the strain saturation conditions can be approached. The multi-axial remanent strain saturation conditions are enforced by causing ⌿ to approach infinity as the strain-like variable ⑀ approaches the saturation level of remanent strain in uniaxial compression ⑀ c . The effective saturation remanent strain quantity ⑀ is defined as 
Here, f is a functional fit to the numerical results obtained from the micromechanical computations described in Ref. 12 . The following remanent strain invariants appearing in Eqs. (11)- (13) 
where e r ij is the remanent strain deviator, e r ij = ⑀ r ij − ␦ ij ⑀ r kk /3. Next, the electrical part of ⌿ r has the form of
Here ⑀ t is the remanent saturation strain in uniaxial tension and according to Eqs. (10)- (13) is equal to 1.368 ⑀ c . The maximum attainable remanent polarization P 0 has been defined previously. Note that the level where the remanent polarization saturates P sat is a function of the remanent strain and the maximum of P 0 can only be attained if ⑀ r ij n i n j ‫ס‬ ⑀ t . If ⑀ r ij n i n j ‫ס‬ −⑀ c then the maximum level for P r is only P 0 /4. This result and the linear approximation to the functional form for P sat given in Eq. (16) are taken directly from the microelectromechanical computations described in Ref. 13 . A more detailed description of the model can be found in Refs. 11-13, and examples of the constitutive response are illustrated in Figs. 1(a)-1(d) . The material properties used for these simulations are characteristic of a soft lead lanthanum zirconate titanate (PLZT) material as measured by Lynch 15 and are specifically given as: 0 ‫ס‬ 27.5 MPa,
For the numerical implementation of the constitutive model into the finite element model, a backward Euler integration routine was developed to solve the constitutive equations. The scheme is similar to that described in Refs. 16-18.
III. FRACTURE MODEL
In this work Mode I steady crack growth is analyzed in mechanically poled and electrically poled ferroelectric materials. For each of the situations to be modeled, a schematic of the geometry and loading is illustrated. Initially, the samples are poled by applying a uniaxial electric field (electrical poling) or a uniaxial stress (mechanical poling) and then removing the applied load. The electrical poling process induces both an initial residual remanent polarization P i r,0 and initial remanent strain additional applied electric field, uniform electric field boundary conditions are applied to the outer boundary after the initial poling process. The final step in the loading process is to apply the in-plane mechanical loads. Under plane-strain conditions the out-of-plane axial strain ⑀ 33 is assumed to remain unchanged from its state after the secondary electrical loading step, i.e., ⑀ 33 ‫ס‬ ⑀ 0 33 . Steady crack growth then occurs while the in-plane mechanical loads are applied.
During crack growth, small scale switching will be assumed such that the representative height of the nonlinear switching zone near the crack tip is much smaller than any other characteristic specimen dimension such as crack length, specimen width, or ligament width. Furthermore, under plane-strain conditions, it is assumed that the specimen thickness is much greater than the switching zone size as well. The assumption of small scale switching will not be valid for cases when switching occurs over the entire sample. However, it is assumed here that for such cases the in-plane applied mechanical loads can still be characterized by a Mode I K-field (appropriately modified for the effects of piezoelectricity 19 ), and this K-field determines the mechanical loading applied to the outer boundary. Finally, the applied steady state energy release rate G ss is equal to (1 − 2 )K 2 /E for materials with in-plane isotropy, and the exact relationship between G ss and K can be found in Ref. 19 when there is in-plane piezoelectricity. Note that G ss is determined by the specified applied loading and is not changed by the nonlinear features of the solution.
The remaining analysis will focus on the toughening due to domain switching during the steady crack growth. Under steady growth conditions, all increments of field quantities can be related to derivatives with respect to the x 1 coordinate direction, i.e., the crack growth direction, by
Here, is any scalar field quantity such as a Cartesian component of remanent strain or remanent polarization, and is the increment of crack advance in the ȧ direction. Within the fracture model, crack propagation is assumed to occur when the crack tip energy release rate G tip reaches a critical value. To compute the relationship between the applied steady state energy release rate G ss and G tip , a steady state finite element formulation is implemented to determine the electromechanical fields. [16] [17] [18] Then, under steady-state conditions, G tip can be calculated using the electromechanical form of Hutchinson's I-integral:
where S is a surface enclosing the crack tip, n i are the components of the unit normal directed outward from the surface, u i are the components of the displacement vector, D i are the components of the electric displacement vector, E 1 is the electric field in x 1 direction, and H is the history dependent electric enthalpy density at a material point defined by
The calculation of G tip is carried out after the finite element solution is obtained.
To compute the electromechanical fields numerically, the following finite element formulation is applied. If we assume that the free charge density in the volume is equal to zero, the vector potential formulation described in Ref. 21 can be used. The finite element formulation required to solve the steady crack growth boundary value problem is based on the variational statement
Full details of the finite element procedure can be found elsewhere. [16] [17] [18] 21 Equation (20) is solved with an iterative technique. To begin, uniform remanent strain and polarization distributions are assumed. Next, the system of finite element equations is solved to obtain a new but approximate solution for the nodal unknowns. A new approximate strain and electric displacement distribution is derived from these nodal unknowns. Then the incremental constitutive model described previously is integrated along streamlines of constant height above the crack plane from x ‫ס‬ +ϱ to x ‫ס‬ −ϱ to obtain updated approximations for the stress, electric field, remanent strain, remanent polarization, and piezoelectric property distributions. The new remanent strain and remanent polarization distributions are then applied within the next finite element solution, and the solution/streamline integration procedure is repeated until a suitable level of convergence is achieved. Once convergence is obtained, the crack tip energy release rate is computed from Eq. (18) using the domain integral technique.
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IV. RESULTS
Results are presented to illustrate the influence of mechanical and electrical poling on the fracture behavior of ferroelectric materials. As mentioned previously, the primary result from each steady crack growth calculation is the ratio of the far field applied energy release rate G ss to the crack tip energy release rate G tip . However, prior to presenting results for the relative level of toughening for different poling states, some features of the switching zones near the crack tip will be given first. 16 Figure 2 plots contours of normalized remanent strain around a steadily growing crack in an initially unpoled material loaded only by mechanical stresses.
In Fig. 2 , the outer solid line delineates the boundary between material that is undergoing changes in remanency due to domain switching and material that is not. It is worth noting that the sizes of the inner contours where the effective remanent strain is most intense are significantly smaller than the outer switching zone boundary. This feature is to be expected but cannot be captured by simpler "discrete switching" constitutive models where the material cannot exist in an intermediate remanent state. This illustrates the fact that intense domain switching is confined to a region very close to the crack tip. Furthermore, note that the shape of the switching zone depicted here is that of the active switching zone. In other words, in the active switching zone, neighboring points at the same height above the crack plane have different remanent strain and polarization states. In the linearly unloaded wake, however, neighboring points at the same height above the crack plane have identical remanent states. To restate, the primary difference between these results and previous toughening calculations based on discrete switching models is that the incremental constitutive model is able to account for and predict the inhomogeneous remanent state within the switching zone around the crack tip.
Recall that within the fracture model it is assumed that crack growth occurs when G tip reaches the intrinsic fracture toughness of the material G 0 . Hence the ratio G ss / G 0 indicates the amount of toughening due to domain switching, with G ss / G 0 ‫ס‬ 1 corresponding to no toughness enhancement or R-curve behavior. With regard to R-curve behavior, G 0 should be interpreted as the applied energy release rate where crack growth first begins, and G ss is the steady state or plateau level of the applied energy release rate after a sufficient amount of crack growth.
The first set of switch toughening results to be presented in Fig. 3 are for the case of "mechanical poling." 17 In this situation, the material is first loaded by a uniaxial stress in either tension or compression and then unloaded producing an initial remanent strain state in the material. After the initial poling load is removed, the K field is applied and crack growth proceeds under plane strain conditions.
Based on the intuitive ideas that the crack tends to cause switching towards the y-direction and a greater potential for switching towards the y-direction should yield a tougher material, the results for the X and Y-poled material are to be expected. However, one might expect that the Z-poled material should produce a similar behavior as the X-poled material based on these considerations since both situations have exactly the same propensity for switching towards the y-direction. However, the reason why the toughening of the Z-poled material exhibits less sensitivity to the initial remanent strain state is due to the plane strain constraint. Specifically, the approaching crack does create a driving force for switching from the z orientation to the y orientation. However, if this switch does occur, then large axial stresses will be generated in the z direction due to the plane strain constraint, and these stresses will tend to oppose the switch towards the y orientation. The net effect is that only a moderate amount of switching occurs for the Z-poled material, and the full potential of the domain switch toughening is not realized.
The next set of results to be presented are for materials with remanent poling due to electric field and applied electric field in the out-of-plane direction. 18 The material properties used for these simulations are characteristic of a soft PLZT material as measured by Lynch 15 and were specifically given prior to the presentation of Fig. 1 . Figure 4 on the next page illustrates the geometry and loading for the out-of-plane electrical loading cases and the associated results for the toughening as a function of applied electric field. Note that the features of the toughening butterfly loop correspond to the features of the strain butterfly loop. In general, when the electric field is in the same direction as the polarization, the domain switch toughening is reduced, and when the electric field opposes the remanent polarization, the toughening is enhanced. Again, this feature is to be expected by realizing that an electric field parallel to the remanent polarization will retard switching to the in-plane directions while an anti-parallel field will enhance such switching. With respect to fracture toughness, more switching and dissipation implies more toughening. As for the mechanically poled case, the counterintuitive result that the poled material (outer butterfly loop curves) has approximately the same toughening as the unpoled material (inner curve) under no applied electric field appears. Again, this feature can be explained by considering the effects of the plane strain constraint. Quantitative results on the effects of plane strain versus plane stress are presented in the next set of figures.
The final set of results is for initial remanent polarization and strain with no applied electric field after the initial poling process. For the simulations with polarization in the plane of mechanical loading, permeable electrical boundary conditions have been applied on the crack faces. Such electrical crack face boundary conditions are valid if the electric breakdown field within the crack gap is assumed to be small. 23 Figure 5 (a) illustrates that as the initial remanent polarization state increases, the toughening will increase for poling parallel to the crack surface, decrease for poling perpendicular to the crack surface, and is relatively flat for poling parallel to the crack front. Some experimental observations have indicated that the greatest toughening occurs for poling in the x 3 direction. 6 However, this behavior is observed only if the electrodes on the x 3 surfaces are removed prior to the application of the mechanical loads. When, the electrodes remain on the specimen and are shortcircuited, as modeled here, the toughening for x 3 -poled specimens is similar to that of unpoled samples 6, 8 as predicted by this model. The explanation for this behavior is again due to the effects of the plane strain constraint. To validate this hypothesis, Fig. 5(b) illustrates the effects of plane stress versus plane strain on the toughening. It is clear from Fig. 5(b) that the unintuitive results seen in Figs. 3-5-(i.e. , that the out-of-plane poled materials are not significantly tougher than the unpoled materials)-are in fact due to the out-of-plane constraint imposed by the plane strain conditions.
V. DISCUSSION
The model presented here differs from previous theoretical explanations of the effects of electric field and remanent state on the fracture toughness of ferroelectrics in that an incremental, micro-electromechanically informed, phenomenological constitutive law has been applied instead of a discrete switching law. Additionally, in contrast to applying simplifying assumptions about the distributions of the fields, which are associated with most transformation toughening models, the details of the electromechanical fields have been explicitly obtained from finite element computations. The fields computed in this work include both the perturbing influences of ferroelectric switching and the changes in the piezoelectric effect that results from such switching. The constitutive model applied in this work has allowed for both qualitative and quantitative characterizations of the effects of electrical and mechanical poling on the toughening due to domain switching in ferroelectric ceramics. The model predicts a range of phenomena that indicate that the toughening is dependent on both the level of initial remanent poling state and on the poling direction. As a complement to qualitative characterizations, the quantitative predictions of the model allow for a direct comparison to some recent experimental studies.
For the in-plane poling case, the present model predicts what experiments [1] [2] [3] [4] [5] [6] [7] have indicated, that poling parallel to the crack surface yields higher toughening than poling perpendicular to the crack surface. Ultimately, the present model predicts a range of effects of poling in different directions on the fracture toughness, or more specifically, the toughening due to domain switching during crack growth. The model predicts the unintuitive behavior that the fracture toughness of a material poled out-of-plane is comparable to the toughness of an initially unpoled material. It was demonstrated that this behavior is primarily due to the out-of-plane mechanical constraint imposed by plane strain conditions. This prediction has previously been confirmed experimentally 6, 8 and cannot be predicted by discrete switching models. 
